We formulate the notion of parity for the periodic XXZ spin chain within the Quantum Inverse Scattering Method. We also propose an expression for the eigenvalues of the charge conjugation operator. We use these discrete symmetries to help classify low-lying S z = 0 states in the critical regime, and we give a direct computation of the S matrix.
Introduction and summary
The periodic anisotropic Heisenberg (or "XXZ" ) spin chain, with the Hamiltonian 
2 Algebraic Bethe Ansatz and discrete symmetries
In order to fix notations, we briefly recall the essential elements of the algebraic Bethe Ansatz for the XXZ chain. (See the above-cited references for details.) We consider the A 
where a(λ) = sinh (µ(λ + i)) sinh(iµ)
We regard R(λ) as an operator acting on the tensor product space V ⊗ V , where V is a two-dimensional complex vector space. This R matrix is a solution of the Yang-Baxter equation
where R ij are operators on V ⊗ V ⊗ V , with R 12 = R ⊗ 1, etc. We define the L operators
which act on so-called auxiliary (0) and quantum (n) spaces. Evidently,
The monodromy matrix T 0 (λ) is defined as a product of N such operators
(As is customary, we often suppress the quantum-space subscripts.) It obeys the fundamental relation
The transfer matrix t(λ), defined by tracing over the auxiliary space
has the commutativity property [t(λ) , t(λ ′ )] = 0 (10) by virtue of the fundamental relation (8) . The transfer matrix also commutes with the z component of the total spin,
The Hamiltonian
coincides with the XXZ Hamiltonian (1), provided ∆ = cos µ .
The critical regime −1 < ∆ < 1 corresponds to µ real, with 0 < µ < π. The momentum operator P is defined by
since t(
) is the one-site shift operator.
Let ω + be the ferromagnetic vacuum vector with all spins up,
which is annihilated by C(λ). The operators B(λ), which commute among themselves,
act as creation operators. The Bethe state
is an eigenstate of the transfer matrix t(λ), with eigenvalue
if {λ 1 , . . . , λ M } are distinct and obey the Bethe Ansatz equations
In particular, the energy and momentum are given by
The vector (17) is also an eigenvector of S z with eigenvalue
Having reviewed the QISM description of the XXZ model, we now consider some of its discrete symmetries.
Parity
We define the parity operator Π on a ring of N spins by
where X n is any operator at site n ∈ {1 , 2 , . . . , N}. Clearly, Π acts on the tensor product space V ⊗N . We can represent Π by
for N = even
where P ij is the permutation matrix which permutes the i th and j th vector spaces. We note
It is easy to see that both the Hamiltonian (1) and the spin (11) are invariant under parity, while the momentum (14) changes sign
Indeed, the "parity invariance" of the R matrix
implies that the two-site Hamiltonian (12) satisfies
and hence the full Hamiltonian is parity invariant. Moreover, for any X n , we have the chain of equalities
which is consistent with Π t( In order to go further, we must investigate the behavior of the monodromy matrix under parity. To this end, we first note the "time-reversal" invariance of the R matrix
where t j denotes transposition in the j th space, which implies the identity
and we observe that
from which it follows that
We next observe that
where the second line uses (29), the third line uses (31), and the last line uses W 2 = −1.
Finally, we obtain the desired result
Note that under parity, the order of the L operators in the monodromy matrix is reversed.
In particular, we see that
Evidently, the parity operator does not commute with the transfer matrix. Nevertheless, if |v is an eigenvector of t(λ) with eigenvalue Λ(λ), then Π|v is also an eigenvector of t(λ), but with eigenvalue (−)
We also obtain from (33) the fundamental result
We shall use this result, together with the fact
to investigate whether the eigenvectors (17) of the transfer matrix are also eigenvectors of the parity operator. Eqs. (24), (34) and (35) are the key results of this subsection.
We conclude this subsection with a few general observations. We first note that if the set {λ α } is a solution of the Bethe Ansatz equations, then so is the corresponding set {−λ α } with each root negated. As always, we assume that the Bethe Ansatz roots are distinct. Moreover, for simplicity, let us assume (in this paragraph) that N is even, and that the roots are nonzero and are not equal to iπ 2µ
. For M = even, all the roots can be "paired" There can be Bethe states which are not parity eigenstates. For such cases, the vectors α B(λ α )ω + and α B(−λ α )ω + are distinct and are degenerate in energy.
Since {Π , P } = 0, a Bethe state can be an eigenstate of Π only if the momentum is P = 0 or π (mod 2π).
Quasi-periodicity
The transfer matrix t(λ) and the operators B(λ) also satisfy quasi-periodicity conditions, which we now derive. The starting point is the observation
We conclude that
In particular, we obtain the desired quasi-periodicity relations
and
We shall make use of the latter relation when computing the parity of certain states.
Charge conjugation
The charge conjugation matrix C is defined (see, e.g., [5] ) by
since it interchanges the two-component spins . We denote by C the corresponding operator acting on the tensor product space V ⊗N ,
It has the properties C = C −1 = C † , and hence C C † = 1.
The invariance of the R matrix under charge conjugation
implies that the L operators obey
It follows that the monodromy matrix obeys
In particular, we see that the transfer matrix is invariant under charge conjugation
while the operator B(λ) is mapped to C(λ),
Moreover,
where ω − is the ferromagnetic vacuum vector with all spins down,
Since Cσ z C = −σ z , the z-component of total spin changes sign under charge conjugation,
Therefore, a Bethe state can be an eigenstate of C only if S z = 0. From Eq. (21), we see that this corresponds to M = N/2 with N an even integer.
We conjecture that the eigenvectors (17) of the transfer matrix with M = N/2 are also eigenvectors of C, with eigenvalues (−) ν , where
This conjecture is supported by explicit checks for N = 2 and N = 4, and it corresponds to the XXZ limit of a result [5] , [6] for the XYZ chain. Unfortunately, Baxter's Q-operator proof of the XYZ result, which relies on the quasi-double-periodicity of certain elliptic functions, does not survive the XXZ limit. (The XYZ result is important, and so it is noteworthy that there does not appear to be a proof of it within the generalized algebraic Bethe Ansatz.) Certainly, Eqs. (48) and (49) alone do not seem to be sufficiently powerful to investigate this conjecture.
Low-lying states
We now examine some low-lying states of the critical XXZ chain within the framework of the string hypothesis [4] , [6] . From the so-called root densities, we compute the parity and charge conjugation quantum numbers of the S z = 0 states, and we give a direct computation of the two-particle S matrix. In the analysis presented below, we find it convenient to work with the Bethe Ansatz Eqs. (19) in the form
where
Ground state
For simplicity, we henceforth restrict to the range
The ground state then lies in the sector with N even, and is characterized by M = N/2 real roots [3] , [4] . We briefly review the procedure for determining the root density, which describes the distribution of roots in the thermodynamic (N → ∞) limit. Taking the logarithm of the Bethe Ansatz Eqs. (53), we obtain
where the so-called counting function h(λ) is given by
q n (λ ; µ) is an odd function of λ defined by q n (λ ; µ) = π + i log e n (λ ; µ) ,
and {J α } are integers or half-integers lying in a certain range which serve as "quantum numbers" of the Bethe Ansatz states. The root density σ(λ) is defined by
so that the number of λ α in the interval [λ , λ + dλ] is Nσ(λ)dλ. Passing from the sum in h(λ) to an integral, we obtain a linear integral equation for the root density
where a n (λ ; µ) = 1 2π
Solving by Fourier transforms 3 usinĝ a n (ω ; µ) = sinh (
we conclude that the root density for the ground state is given by
We verify the consistency of this procedure by computing the value of M from the root density:
and hence, the state indeed has S z = 0. The energy and momentum are
3 Our conventions in the critical regime arê
and we use * to denote the convolution
The ground state is nondegenerate [3] , and therefore, as argued at the end of Section 2.1 , this state must be a parity eigenstate with eigenvalue (−) N/2 . We now give an alternative derivation, in order to illustrate the line of argument which we shall use to compute the parity of excited states. Denoting the ground state by |v , we have
Moreover, using (35), we obtain
where in passing to the last line we have made the change of variables λ → −λ. Finally, comparing Eqs. (67) and (68), and using the fact that the root density (63) is an even function σ(−λ) = σ(λ), we conclude that
The nondegeneracy of the ground state also implies that this state is a charge conjugation eigenstate. The formula (52) implies that the corresponding eigenvalue is also (−) N/2 , since
where again we have made use of the fact that the root density is an even function.
Two-particle excited states
We consider now two-particle excited states, again with N even. On the basis of the results for the isotropic XXX chain [7] , one expects that the particles have S z = ±1/2. Hence, one expects four two-particle excited states: two states with S z = ±1, and two S z = 0 states which are distinguished by their parity and charge conjugation quantum numbers. Surprisingly, the Bethe Ansatz does not seem to give the S z = ±1 states. Indeed, we find that the Bethe Ansatz state with two holes and no strings has fractional spin (see Eq. (77) below), which only for µ → 0 (i.e., the isotropic limit) is equal to 1. We do find two S z = 0 states [6] , [9] which indeed are distinguished by their parity and charge conjugation quantum numbers.
(0) Two holes
We consider first the two-hole state with only real roots. We label the holes by the integers or half-integers {J α } , α = 1 , 2. The corresponding hole rapidities {λ α } are defined by
where the counting function is given by Eq. (57). We compute the density for this state by the same procedure used for the ground state, except that now in passing from sums to integrals we must take into account the presence of holes, i.e.,
for any function g(λ). We find
The energy and momentum are given by
where the hole momentum p(λ) ≡ (q 1 − J * q 1 ) (λ) satisfies
We find by a generalization of the computation (65) that this two-particle state has the fractional spin
A similar result has been obtained by thermodynamic arguments [11] , [12] . This result is puzzling for both mathematical and physical reasons: the formula (21) for the spin eigenvalue implies that S z should be an integer; and as already mentioned, the results for the isotropic XXX chain suggest that this state should have S z = 1, corresponding to two spin 1/2 particles with spins "up". A possible resolution is to take in Eq. (72) finite integration limits ±Λ such that
which would ensure S z = 1.
We do not attempt to compute the parity of this state, since the value of M is not an integer. Since this state has S z = 0, it cannot be an eigenstate of C. Indeed, by acting on this state with the charge conjugation operator C, one obtains the
(a) Two holes and one 2-string
We consider the two-hole state with one string of length 2 (i.e., a pair of roots of the form λ 0 ± i 2 , with λ 0 real) and all other roots real. 4 The Bethe Ansatz Eqs. (53) imply
where M + 1 is the number of real roots, i.e., M = M + 1 + 2. The counting function is therefore now given by
Proceeding as in case (0), we find
where µ ′ is the "renormalized" anisotropy parameter given by
that is,
In order to cast the last term in the expression for σ (a) (λ) as the function a 1 , it is essential to use µ ′ rather than µ.
The center of the 2-string, λ 0 , can be determined from Eq. (79). Taking the logarithm and passing from a sum to an integral, one obtains the condition
which has the solution
We now investigate the quantum numbers of this state:
• We verify by a generalization of the computation (65) that this state has S z = 0. The energy and momentum are again given by Eq. (75).
• Since the density σ (a) (λ) is not an even function of λ for generic values of {λ α } , a generalization of the argument (67) -(69) implies that this state is not a parity eigenstate. However, in the "rest frame" [15] 
the density is an even function, and therefore the state is a parity eigenstate, with parity (−) N/2 . We note that in the rest frame, the momentum is P = 0 or π (mod 2π), which is consistent with the fact {Π , P } = 0.
• According to the conjecture of Section 2.3, this state is an eigenstate of charge conjugation for all values of {λ α }, with eigenvalue given by the formula (52). Remarkably, the first term of that formula gives a vanishing contribution:
where we have used the relation (84) twice, and also the fact thatĴ(ω) andâ 1 (ω ; µ ′ )
are even functions of ω, and therefore have a vanishing first derivative at ω = 0. We conclude that the charge conjugation eigenvalue for this state is also (−) N/2 .
(b) Two holes and one negative-parity 1-string
We now consider the two-hole state with one "negative-parity" string of length 1 (i.e., a root of the form λ 0 + iπ 2µ
, with λ 0 real) [4] and all other roots real. The Bethe Ansatz Eqs. (53) imply
and M = M + 1 + 1. The counting function is now given by
where r n (λ ; µ) is an odd function of λ defined by r n (λ ; µ) = i log g n (λ ; µ) .
Proceeding as before, we obtain the density
and µ ′ is given by Eq. (82). We determine the center of the negative-parity 1-string, λ 0 , from Eq. (88) by the same procedure used in case (a), and we obtain the same result (84).
Let us examine the quantum numbers of this state:
• We verify by a generalization of the computation (65) that this state also has S z = 0.
The energy and momentum are again given by Eq. (75).
• As in case (a), this state is not a parity eigenstate for generic values of {λ α }. Let us now restrict to the rest frame (85). The Bethe vector is then given by
Acting with the parity operator using Eq. (35), we obtain
In passing to the second line, we have used the quasi-periodicity property (41), and to arrive at the last line we use the fact that (in the rest frame) the density is an even function of λ . Thus, the state has parity −(−) N/2 . The appellation "negative parity"
for this string is quite apt!
• Unlike case (a), here the first term of the formula (52) for the charge conjugation eigenvalue does give a contribution, namely, −1. (The computation closely parallels the one (86) for case (a).) We conclude that the charge conjugation eigenvalue for this state is also −(−) N/2 .
We recall that a Boson-antiBoson state with a symmetric (antisymmetric) wavefunction has positive (negative) Π and C, while for a Fermion-antiFermion state the opposite is true. (See, e.g., Refs. [18] , [19] .) Evidently the statistics of the XXZ excitations vary with the value of N.
S matrix
We define the S matrix S(λ 1 ,λ 2 ) by the momentum quantization condition [15] , [16] 
whereλ 1 ,λ 2 are the hole rapidities, and p(λ) is the hole momentum. Combining the definition (59) of the root density with the relation (76) for the hole momentum, we immediately obtain the identity
Integrating this equation from −∞ toλ 1 , noting that h(λ 1 ) =J 1 , and then comparing with Eq. (96), we see that the S matrix eigenvalues are given (up to a rapidity-independent phase factor) by
where S (0) , S (a) and S (b) are the eigenvalues of the S matrix corresponding to states (0), (a) and (b), respectively.
Recalling the expression (73) for the density σ (0) (λ), we obtain 
whereλ =λ 1 −λ 2 . Moreover, recalling the expressions (81) and (92) for the densities σ (a) (λ) and σ (b) (λ), we obtain S (a) S (0) = exp −i2π
where again we have used (84). We conclude that the S matrix for the critical XXZ chain is given by
where S (0) is given by Eq. (99), and µ ′ is given by Eq. (82). This coincides with the S matrix of sine-Gordon/massive Thirring model [15] , [20] , [21] , provided we identify the sine-Gordon coupling constant β 2 as
This result has been obtained for the XXZ chain previously, although by less direct means, in Refs. [11] , [12] . Note that the regime 0 < µ < π 2 in which we work corresponds to the "repulsive" regime 4π < β 2 < 8π.
Outlook
A number of issues remain to be explored. It would be interesting to find a proof (or counterexample!) of the formula (52) for the charge conjugation eigenvalues of the Bethe Ansatz states, and to better understand states in the critical regime with S z = 0. It may be worthwhile to investigate discrete symmetries in integrable chains constructed with higherrank R matrices, [22] , [23] such as A
N −1 with N > 2. Since these R matrices are not parity invariant, neither are the corresponding Hamiltonians. However, the R matrices do have PT symmetry, which may lead to a useful symmetry on the space of states. Moreover, we have not discussed here the interesting case of the noncritical (∆ > 1) regime [24] .
